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Abstract. Anexplicitformulafor theKostka-Green-Foulkespolynomialscorrespond-
ingto bitableauxispresented.

INTRODUCTION

It is well known that theeigenvectorsof the Hamiltonianof a quantumintegrable
systemmaybeconstructedby usingthesocalledBetheAnsatz(see,for instance,[11).
Suchvectorsarecalledthe Bethevectors.They areparametrizedby the solutionsof a

systemof algebraicequations(thesocalledBetheequations).
The creationof the quantuminversescatteringmethodmadeit clearthatdifferent

integrablemodelsareassociatedwithdifferentrepresentationsof thecommutationrela-

tionsbetweenthematrix coefficientsof thequantummonodromymatrix [2]. This idea
wasgivena precisemathematicalfonrntlationin [3], [4]. It was shownthat thesematrix

coefficientsgenerateaHopfalgebra.Particularrepresentationsof this algebragive rise
to integrablemodels. The states’spaceof the model coincideswith the representation

space.
Let g be a simpleLie algebra.An importantclassof integrablemodelsarethe so

called g-invariantmodels. The states’spacefor suchmodelsis the tensorproductof
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g-moduli: .M = ~ ® V~
2® ... The Bethevectorsare the highestweightvectors

in the irreduciblecomponentsof .M and are parametrizedby the solutionsof Bethe’s

equations.
It is a nontrivialquestionwhethertheBethevectorsform acompletesystem.In the

g-invariant casecompletenessmeansthat thenumberof solutionsof Bethe’sequations

mustcoincidewith thenumberof g-irreduciblecomponentsin fyi. For g = gE(n)

and M = ® V~ ®... this hasbeenprovedanalytically in [7] for the casewhen

the representationsV~ correspondto rectangularYoung diagrams )~. Theselatter
representationsaredistinguishedamongall theotherby thefactthatin this caseBethe’s

vectorsform an orthogonalsystemin .Pvt.

Solutionsof Bethe’sequationsareparametrizedby specialcombinatorialobjects,the
so calledriggedconfigurations. They were introducedin [5], [6] for the su(2)-case
and in [7], [8] for the generalone. The completenessof Bethe’svectorsimplies that
g -irreduciblecomponentsin )vt areparametrizedby theYoungtableaux(orbitableaux

[11]). Hencein this casethereshouldexista combinatorialcorrespondencebetweenthe
riggedconfigurationsand the Young tableaux(bitableaux). Physically,suchbijection

naturallyarisesasoneof thelattice’~sitesgoesto infinity; this causesa restructuring

of physicalstates,and the bijection shouldreflect thesechanges.In otherwords,the
correspondencewearelookingfor isdefinedby theramificationrulesforBethe’svectors

asone of the lattice’ssitesgoesto infinity.
A bijectionbetweenthesetof thestandardYoungtableaux(bitableaux)andthesetof

riggedconfigurationsbasedon thestudyof theasymptoticbehaviourof Bethe’svectors

is establishedin [9], [10]. The presentpaperdealswith somecombinatorialaspectsof
this correspondence.Unfortunately,wewereobligedto discardcompletelythephysical

backgroundof the resultsobtained.
A few wordsareinorderon thecontentsof the paper.In Sectioniwerecall thebasic

definitionsand thenecessaryfactsconcerningthecombinatoricsof theYoungtableaux.
In particular,wereview thedefinitionsof thestandardtableauxandbitableaux.In Sec-

tion 2 we describethe decompositioninto ireduciblecomponentsof thetensorproduct
of the representationsof g~(n) correspondingto rectangularYoung diagrams. As a

corollary we presenta formula for the multiplicity of a weight for irreducibletensor
represetationsof theLie supergroupCL (NI M) . Thenextsectionsdealwith thecom-
binatorial interpretationof Theorem2.1 from Section2. In Section3 a formula for

the Kostka-Green-Foulkespolynomialscorrespondingto bitableauxis presented.As a
corollary, wededucea new ruleto computethe Clebsch-Gordannumbers,i.e. themul-

tiplicities of irreducible componentsV~in the tensorproduct V~® V~,(Example8,
Section3). In example5, section 3, wederivecertain inequalitiesbetweentheKostka

polynomials[111. In example5, section 3, we derivecertain inequalitiesbetweenthe
Kostkapolynomials.In a particularcasemoregeneralinequalitieswere derivedby A.
Lascoux. In example7 wederivea stability theoremfor configurations.Note that the
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problemof computationof the generalizedexponents[23]for .sl( n) maybereducedto

the computationof some specialKosticapolynomials[121,[13], [14], and soTheorem
3.1 impliesanexplicit formulafor theseexponents.In Section4 wepresenta proofof
Theorem3.1 (section3) in an importantspecialcase. Following [101,we establisha

bijectivecorrespondencebetweentheriggedconfigurationsof type (A, ~i) andthe set
of the standardtableauxof shapeA and weight ~z.Theformula for theKostkapoly-
nomialsis deducedfrom thepropertiesof this correspondence.At theendof Section4
wediscussa relationbetweentheinvolution on thesetof thestandardtableauxinduced

by the <<inversionof the quantumnumbers>>andthe Schfltzenbergerinvolution on the
setof thestandardtableauxinducedby the involution. Weprovethatthelattermapsthe
chargefunctional into the index.

During thepreparationof thispaper,thehelpof N.Yu. Reshetikhinwasof invaluable
supportto me. Partof theresultsexposedbelow,e.g. Theorem2.3, wereobtainedby

usjointly. I would also like to thank I.M. Gelfand,L.D. Faddeev,A.M. Vershik,A.N.
Zelevinsky,S.V. Kerovand L.A. Takhtajanfor valuable and stimulating discussions, and
M.A. Semenov-Tian-Shanskyfor hishelp in translationof this workinto English.

1. THE YOUNG BITABLEAUX

In this sectionwe recall the basicdefinitionsand thenecessaryfactsconcerningthe
combinatoricsof Young tableauxusedin thepresentpaper.Theproofsanddetailsmay

befound in [11],[10].

1.1. Partitions,Youngdiagrams,tableauxandsupertableaux

Let ~ = (A1, A2,...) be a sequenceof integerswith finitely many nonzeroterms,
anddefine

(1.1) IAI=A1+A2-4-...

Recallthat A is a partitionof n if the sequenceis nonnegative,weaklydecreasing,
and Al = n. Nonzeroterms in (1.1) are calledthepartsof thepartition A andtheir
numberis calledthe length of thepartition A, denotedby 1(A) . The diagramof the

partition A is theset

(1.2) V~={(i,j) EZ
2II <j<A

1},

which may be viewed as a collection of rectangular unit boxes in the plane with the
centerslying at thepoints (i, j) E Z

2 , 1 < j < A~.Partitionsare partially ordered
by inclusionof diagrams;we define

(1.3) ACp if
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Theset V~andits pictureon theplanewill becalledtheYoungdiagramoftheshape
A. If A and ii arepartitionsand v c A , let uscall theset VA\V~ the Young diagram
of theshapeA\v. The conjugate A’ is thepartitionwhosediagramis thetransposeof

2)~; thus, thereare A~boxesin the i-th columnof V~:

(1.4) A~.= Card I{11A1 � i}I.

It is clearthat

(1.5) m1(A) := Card l{JIA, = ~}I= A~—

Foreverypartition A weput

n~A)= ~(i — l)A~= ~ (~D
j~1 i�I

(1.6)

~ = ~min(n,A,) = ~
j�1 1=1

On the setof partitionswe definethefollowing relationof order: A � ~ if

for all k.

A composition A of n is a collection A. E Z~.suchthat Al := ~ A1 = n. It is
clear that the functionals 1(A), A~,m~(A), Q~(A) maybedefinednotonly for partitions

butalsofor compositions.Forexample,

Q~(A) = ~min(n, A1).
j� 1

Let X be a totally orderedset. A Young tableauof shapeA\v on the set X is an

assignementT : —p X of elements of theset X to the boxesin thediagramof
shapeA\zi which satisfiesthefollowingcondition.

The rows and columnsare weakly increasing;i.e. T(i,j) < T(i,j + 1) and
T(i,j) < T(i+ l,j) whenever(~,f),(i,j+ 1), (i+ l,f) E

For x E X let usdenotuby T1 the inverseimageT~(z) of theelementx in the

tableauT. Theset T~iscalledahorizontal(resp.vertical)strip, if thereis atmostone
box in everycolumn (resp.line).

A standard tableau T on theset X is a horizontal strip for all x c X. A bitableau
on the set X is by definition a tableau such that for all z E X the set T~is either a
horizontal or a verticalstrip.parForthefuturewe assume that

X=Xmn=~l<2<..•<1<2<..<~},
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andalso thatevery set T,.,j E X is a horizontalstrip, and every set ~,J ~ X is a

vertical strip.
The pair (~l~)where ~t = (p1lj E X), ~ = (i.~ylJE X) is calledthe weight of

bitableauT. Letus denoteby SBY(A\u,i~l’i)thesetof bitableauxof theshapeA\zi

and the weight (pji~) . Set STY(A\u,~t)= SBY(A\u,j.z~0).

1.2. Schur,Hall-Litfiewood functionsandKostka-Green-Foulkespolynomials

Let ~ c A bepartitions,and x = (x1,...,XN) beacollectionofvariables,1(A) <

N.
The Schurfunction S,~(x) correspondingto the skewYoungdiagramA\u is de-

fined by thefollowing formula

(1.7) SA\~(z):=

whereX~(T)= . . ~ : ~(T) istheweightofthetableauI’ e STY(A,j.~),
1(~i)<N.

FortheSchurfunction S~\~(x) thereis the following representation

S~\~(x)= - m,~(x),

wherethe summationrangesoverthepartitions ~.zof Al — ui into at most N parts,

thenumbers are equalto Card ISTY(A\v, ~z)l, and m,h(z) is themonomial
symmetricfunctioncorrespondingto thepartition ~i:

m~(x)= ~ w(x’j” ...x~f).
WESN

Let A J u bepartitions, x = (x1,...,XN), ~ = (YI,•’’,YM) betwocollections

of variables,1(A) <M + N.

The SchursuperfunctionHS~(z y) correspondingto theskewYoung diagram

A\u is definedby thefollowing formula[18], [17], [19]:

(1.8) HS,~\L,(xlY)=

where (~(T)l1~(T))is the weightof bitableau T, T E SBY(A\u,~l,i),1(~i)<
N, l(~i)<M.

FortheSchursuperfunctionHS~(xIy) thereis thefollowingrepresentation

(1.9) HS,,\~(xlv)= ~SKA\~,,~I,1. m,~(x)m,1(y),
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wherethe summationrangesover the partitions p,i~ suchthat 1(~i)< N, 1(rj) <
M, l~I + l~I = IA I — jul , thenumbersSK~\~j~areequalto Card ISBY(A\u,~~)I-

The Hall-Littlewood function PA(x; q) correspondingto thepartition A is defined

by thefollowing formula

(1.10) P~(z;q)= [v~_1(~)(q)v~(q)]
1 ~ ~ (~~i X~NflI qxj)

OESN 2<1 2

where v~(q):= ~vm(q),mj = A~— A~~
1and the polynomials v~(q)are equalto

i> 1

m —q
1 — q

Let us definethe Kostka-Green-Foulkespolynomials K~(q) ~ Z [q] by the de-

composition

(1.11) S~(z)= ~K~(q)P~(z;q).

Now wedefinetheKostka polynomialsfor skew diagramsand supertableaux.
Let A, ~i, r’ ~ besomepartitions.
Wedefinethe KostkapolynomialsK~\~~(q),K,2~~~1~(q)by the following decom-

positions

(1.12) S~\~(x)=

(1.13) HS.)~\,,(zjy) =

1.3. Thechargeofa tableau

Let ji,~j betwo partitions. Following Lascouxand Schützenbergerwe definethe

chargeC(T) of a bitableau T E SBY(A \u, ~iIll) . Considera word w = . . . aJ~,
withpositive integerelementsa2. Theweightof w is thesequence~= (~,~
where ~ is the numberof those a1 ‘s which are equalto 1.. Supposethat ~ is a
partition.

(i) We first assumethat w is a standardword, i.e., that its weight is ~.t= (lAp) -

Letusindex all elementsof w asfollows: theindexof I is equalto 0 , andif the index
of K is i, the index of K + 1 is either i or I + I accordingto thelocation of K + 1
eitherto theright or to theleft of K. Thecharge C(w) of w is thenthesumof all its

indices.
(ii) Assumenow that w is a word of weight ~i and p is a partition. We extract

a standardsubwordout of w in the following way. Readingw from left to right we
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choosethe first entry of I , thenthefirst entryof 2 to theright of the 1 chosen,and
soon. If at somestepthereis no S+ 1 to the rightof the S chosenbefore,wecome

backto thebeginningof theword. Thisoperationextractsfrom w a standardsubword
w1 outof w. Let us now deletetheword w1 from w and repeattheoperation,thus

obtaining w2 , etc.
Thechargeof w is definedto bethe sumof thechargesof the standardsubwords

obtainedin this way: C(w) = ~ c(w1) . We notethat the chargeof w is zero if and
only if w is a latticeword.

(iii) Let now I’ ~ STY(A\u, p). Readingsuccessivelytherows of T from left
to right startingfrom the top, we obtain a word w(T). Thecharge C(T) of T is by
definition C(w(T))

(iv) Let T E SBY(A\u,pj~) where p and i~arepartitions,l(p) = m,1(rj) = n.

Associatedwith the bitableauT are two tableauxT(O) and T(i) composedof the

boxesof T filled with the integers { 1,... , m} and {i~... ~}, respectively.We set

Cev(T) = C(T(O)),C,YJd(T)=

C(T) = Cev(T) + Co,Jd(T),

whereT’ is theconjugateof T.

Thepair (Cev (T) , C~d(T)) is calledthechargeof thesupertableauT , andC( T)

is its totalcharge.

1.4. Theindexof a tableaux

Let w be a standardwordof length N. By V( w) wedenotethesetof integersj
suchthat j and/+ 1 arecontainedin w and j + I standstotherightof j in W. We
set

d= (w) = Card V(w)l,des(w)= ~ j.

aearly,C(w) = (~)—d.N+des(w) . Wedefinetheindexofwby lnd(w) =

(~)— des(w). Set d(T) = d(w(T)),Ind(T) = Ind(W(T)) , where w(T) is

definedby (1.3),iii).

1.5. ThechargefunctionalandKostka polynomials

Theorem(Lascoux-SchUtzenberger[21], [11]).

ti. ~ C(T)
(1.14) AL),,,~.q,— q

T~STY()2,p)
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Theorem(Thomas[20]).

~ç ,- ~ — Ind(T)
(1.15) .L5.~(

1N)~q, — q -

TCSTYCX)

It follows that

(1.16) ~ qC(T) = ~ qlfld(T)
TESTY(),p) TESTY(~X)

In4, Corollary4.2, weshowthat SchUtzenberger’sinvolution S on theset STY( A)
carriesthechargefunctional into the index: C(T) = Ind(S(T)) . In this way weget

a combinatorialproofof the identity (1.16).
Forthe Kostkapolynomialsassociatedwith skewdiagramsand supertableaux(see

(1.12)and (1.13)),wehavethe following analogof (1.14).

THEOREM 1.1. Wehave

(1.17) ~ = ~ qC(T),

TESTY(),\v,~s)

(1.18) KA\,,.,~1~(q)= ~

TES7’Y()~v,pl,~)

Formula(1.17)follows from (1.14)andthefactthat thebijection (see[11], §9)

STY(A\u) ~ flSTY0(A\u,p) x STY(p,p)

is compatiblewith the chargefunctional: if T E STY(A\u,p) x STY(p,p) then

C(T) = C(ir) . Recall that STY0(A\u,p) consistsof the standardtableauxT of
shapeA\u , weight p andchargezero.

1.6. Schutzenberger’sinvolution

Let T E STY(A, p) , let p bea composition,p = (pa,... ,p1) all p~-~ 0 . Elimi-
natetheintegerT(1, 1) from T. Using<<jeu detaquin>>following Schutzenberger[16]
wederivea standardtableau T’ which hasone box lessthan T. Insert T( I, I) into

thefreebox.By repeatingthisoperationwecomedown to atableauT of shapeA such
that

T(i,/) > T(i,j-i- 1), T(i,/) > T(i+ l,/).

Let ST denotethetableausuchthat ST(i,/) >= 1 + 1 — T(i,j) . It is clearthat

STE STY(A,
4jT) where ~T= (pt, p

1_1,... , p1). Therefore there is a mapping

(1.19) 5: STY(A,p) — STY(A,7fl.

Themapping S is calledSchutzenberger’sinvolution if theweight p = (I N)
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2. DECOMPOSITIONOF TENSORPRODUCTSOFIRREDUCIBLE REPRE-

SENTATION OF GL( N) , [7]

Let A, ~(1), ~(
2),... beYoungdiagrams, IA I = ~ilp~’~I.

A set {u} consistingof Youngdiagrams~ k = 0, 1,... suchthat

(2.1) Iu~I= ~ (~t — ~ = ~ (~~V)— A
1

Z�k+1 \ j�i / t<k \i�’

iscalledaconfigurationoftype(A,{p}).

Thenumber
p(k)(u) p(k)({u} {p}) =

(2.2) =~min(n,p~—Pk+l) +

j�1

—2Q~(iJ~)+ Q~(zJk~)

is calledthenumberof vacanciesfor the configuration {u}. A configurationof type

(A, {p}) iscalledadmissibleif P~(u) � 0 for all n,k � 1
Fora collection A, {p~}) of Youngdiagramsput

pVc) (k)
(2.3) Z(AI{p}) = ~IHH( ~
where m~(u~k)) is thenumberof rowsof length n in thediagram u~k) Thesumma-

tion in (2.3) rangesoverall admissibletype (A, {p}) configurationsand

( 0 ,if m~[0,n],
n

~m) ~ ~‘ if 0<m<n
—

isthebinomialcoefficient.

THEOREM 2.1. Let A, {~(i)} be a collection of Youngdiagramssuchthat 1(A) <

N, I(P(f) <N and IAI = ~j>I ~

Then themultiplicity of theirreducible componentVA in ® is estimatedas

follows

(2.4) multV~(®VM(o)< Z(Aj{p}).

It is notdifficult to give examplesshowingthat the inequalityin (2.4)may be strict.

On theotherhand,in Theorem2.2wedescribea classof diagrams{p(~)} for whichan
exactequalityin (2.4) holds.
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THEOREM2.2. Assumethat 1(A) <N andall Youngdiagrams{~(j) } arerectangular,
i.e.havetheform(rnt),1<N. Then

(2.5) multV~(®V,~(
2))= Z(Aj{p}).

Theorem2.2 (in an equivalentform) is provedanalytically in [7] with the help of
generatingfunctionsandthemultidimensionalresidues.

Remarks

1. It seemsplausiblethat converselyif theequality in (2.4) holdsfor all A ,thenall

thediagrams~(~ are rectangular.

2. An essentialpointof theproofof Theorem2.2 is to checkthe following identity
(whichmakessenseunderthe assumptionsof Theorem2.2)

/ (k)

(2.6) ~J]~fJ(_1)m~(~) (\~~(uVc))) 0
{v}k�i n

wherethe summationrangesoverall possibletype (A, {p}) configurationssuchthat

p(k)(u) + m~(u~)<0.

3. Thefunction Z (Aj {p }) has a simplemeaningin thequantuminversescattering

method. If all Young diagrams p~arerectangular, Z( Aj {p}) isequalto thenumberof
Bethe’svectorsin the generalizedHeisenbergferromagnetmodelonthe 1-dimensional

lattice with spins ~( i), ~(

2) which transformaccordingto the representationVA

Identity (2.6) meanssimply that interactingpositivespinson the lattice cannotcreate
excitationswith negativespins. Theorem2.2. is equivalentto thecompletenessof the
multiplet family generatedby theBethe’svectorsin the generalizedHeisenbergmodel.
Representationscorrespondingto rectangularYoungdiagramsaredistinguishedfrom all

theothersby the factthat in this caseBethe’svectorsform anorthogonalsystem.
4. In formula(2.2) wehave ~ = 0 , as is evidentfrom (2.1). However,for some

specialchoiceof thediagrams~(~ it isconvenienttousea differentboundarycondition
for u~°~(cf. (2.9), (3.9)).

5. Boththe left handsideandtherighthandsideof (2.5) admitanaturalcombinatorial
interpretation.The former describesa certainclass(dependingon the concretechoice

of p~)of A shapedtableaux,while the latter may be describedin termsof rigged

configurations(see(4.1)). Theorem2.2 assertsthat both setshavethesamenumberof
elements. An explicit bijection betweenthem is constructedin [9] when all p~~>= (1)

andin [10] when p~= (m
1) or = (I’~’).Thegeneralcasewill bedescribedby

the authorin a separatepublication.

6. Theorem2.2 impliesa newformulafor themultiplicity of a weight (pj7J) in the
irreducibletensorGL(NI M) -module [10].
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THEOREM2.3. The following equalityholds

\ e~

(2.8) dim VA(~I17)=~J~JfJçm(u(’~)) 1),

{v}k�1 h

wherethesummationin (2.8)rangesoverall setsofYoungdiagrams{u(~c)}suchthat

(i) lu~I=~(A,—17),

(ii) p(k)(u) �0

for all n, k> 1 , where

(2.9) P(k)(u) = — 71~c+i+ Q,,(uVc~) —2Q (~P~~)+

:= p.

3. THE KOSTKA-GREEN-FOULKES POLYNOMYALS

In this sectionwe give a formulafor calculatingtheKostka-Green-Foulkespolyno-
mialscorrespondingto supertableaux(see(1.13)) anddeducesomeconsequencesfrom
it: inequalitiesbetweentheKostka-polynomials(example5), anewrule for finding the

Clebsch-Gordannumbers(example7). Theproofof themain resultof thissection,The-
orem3.1, will begivenin section4 for the caseof Kostkapolynomialscorresponding
to tableaux.

Let A, p, p,17 besomepartitionsand p correspond to a rectangularYoung diagram
p = (m

t).

ThEOREM3.1. Thefollowingequalityholds

p(k)( ) + (k) (k)
(3.1) k~\~~(q)= ~ qC({a}) fi fin [ (k) (k) ]

{~} k�I a,
2 a,~1

wherethesummationrangesoverall setsofYoungdiagrams{a~} suchthat

(i) a(~c)I= ~ (A1 —p1 —

(ii) Pk)(a) � 0
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forall n, k ~ 1 , where

p(k)(
0) :=~ — ~7~+I + min(n,pk — Pk+1)~

(3.2) + ~ — 2a~J~+

and { is the q -binomial Gausscoefficient:

[m — ‘~ I_q~~
1~

In g.

1 i—q’

if 0<n<m,[m]=O, if n~[0,m]

ExponentC({a)) in (3.I)is equalto

/ (Ic) (K+i)\

(3.3) C({a}) = >:~:cOn —a~
k>O fl

where (~):= ~ •

Remarks3.1. Let us set uVc) = (0(k))~ ThevacanciesnumbersP(!c)(a) (see(3.2))
takethefollowing form in termsof diagrams {u(k)}:

p(k)(0) p(k)(u) = — 17~+i+ min(n,pk — Pk+l)~
(3.2a)

— 2Q12(u~)+ Q12(uVc~), ~J°~:= p.

Notethat m12(u(k)) = — , sothe formulas(3.1) and (2.3) are equivalent.

In thesequelthecollectionsof diagrams {u} (or {a} ) which satisfythecondition(i)
will be called (A\p) -configurations,andthosesatisfing(i) and(ii) (P117)-admissible.

Now wegive a few examplesusingTheorem3.1.

Example 1. Let A = (n, I rn_I), p bepartitions, Al = l~I~p = (0), 77 = (0) . Thenwe
have

(3.4) K~,~(q)= qC [~I ~]‘
where C=n~p)—(A~—1)p~+n(A).

Indeed,thereis only oneadmissibleconfiguration {a} which consistsof the dia-

grams = (m — k), I < k < m — I . Thevacanciesnumbersareequalto

P~(a)= — m, p1(k)(0) = 0, 2 < k <rn—I.

Thecharge C( {a}) maybefound from (3.3). Notethat A ~ p 1.il1 � A~= m.
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Example2. Let A = (n,2, 1 ~), p bepartitions, I~I = IA, ~(0), 77 = (0). Thenwe
have

K~~(q)=qCi [Ac —I] [~c— A2] +

(3.5) 1

+ c2 1~c~i4 —A1 —11 1’4 —A2]
q 1 ] LAc—2i’

where c1 = n(p) +n(A) —Ac(pc — I),c2 = n(p) +n(A) —pc(Ac —1) —p~
In fact,therearetwo admissibleconfigurations

{a} = {0(k) = (~k)}’

{a} = {a(1) = (n1 — 11)0(k) = (nk),k � 2}.

Forthefirst configurationP~(a) = —2 n1 + = + A1 —A2 —IA I~p~
2)(a) =

A
2 — A3 — i, p~ = Ak — Ak+i, k � 3 . Formula(3.5) is proved.

Example3. Let A, p be somepartitionsof the numbern, A � p. Let us definethe
configuration{cv} in the following way: := max(A~—k,0),k ~ 1 . It isclearthat

= ~1�k+I A1. Weassertthat {a} is anadmissibleconfiguration.Indeed,we
have P~~(a)= 0 ,if m < Ak, k � 2. On theotherhand,it is well-known(see[11])

that A>P~Qrn(P)�Qm(A).
Thecontributionto the Kostkapolynomial K,~(q) from theconfiguration {a} is

equalto

A2 , /

(3.6) R(q) qcfl [Qrn(P) _~,rn(~,+Arn~rn+i]~

Notethatdegr(q) = n(p) —n(A) = degK~~(q).
Foreachpairof diagramsA, p let usdefinethe numbersa(A, p) and b(A, p) in

thefollowing way

(3.7) K~,~(q)= b(A,p)q~’~~(l+ 0(q)).

CONJECTURE.(I.G. Macdonald[11]) a(A,p) = a(p’,A’).
It seemsa very interestingtask to studythe behaviourof the numberb(A,p) . Is

it boundedwhen Al = I~I— no? What valuesmay takethe numbers b(A) =

max{b(A,p)IIpI = IAI}, bN = max{b(A)IJAI = N}? Idon’t know anydiagrams

A,p suchthatb(A,p) �~
Let us formulatea few conjecturesaboutthe numbers b( A, p)

I. (see[10]) b(A,p) = b(p’,A)
2. bN — no , when N —, no.

3. b(A,p)=2 iffAc=pc—p~�2,pc—Ac �2,pc+p~—Ac�2.
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Example4. Letbe A = (5,3,2,
1N) p = (332,IN+2) .Thereare four admissible

configurations, and

~[31 [31 1A~—11 ~ [31 [Ac —21K~,~(q)=q[1] Llj [ 2 j+q LliL I j~

~q3 [2] [Ac-2]+qs [2] [Ac-2]

Itisclearthatp’ = (N+5,3,2), A’ = (N+3,3,2, 1,1) and K~~~,(q)= q
3

3131 313 13
q Lii + q [1 [1 Therefore

a(A,p) = a(p’,A’) = 3,b(A,p) = b(p’,A’) = 3.

Example5. Inequalitiesbetweenthe Kostkapolynomials. Let A, p bepartitions, p

(mt), pCA.Wedefine

(.3.9) ‘~A\~,~(q) = q”~ ~ KA\P~(q~).

It isclearthat K~\~,~(q)isapolinomial,KA\P~(O)= 1 ,becausedog KA\~~(q)=

n(p) — n(A\p) and its leadingcoefficientis equalto 1. It follows from Theorem3.1

thatpolynomial KA\P,~(q) hasasimilarexpressionin which theexponentC( {a}) is

calculated by the following formula

C({a}) =n(p) — n(A\p) —

— ~ —

k>i n

LEMMA 3.1. Wehave

C({a}) C({a}) + ~p/,, — n(p) — n(A\p) =

(3.10) = >> (a~ _.. ~ ) ~ (a~+ 1) — n(A\p).

k�i n k�i

Theproofof Lemma3.1 follows from theequality

=

k>I n n>1

—2 ~ — a~).
k>1

Note thattheexponentC( {a}) (see(3.10)) dependsonly on aconfiguration {a}

and does’tdependson weight p.
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THEOREM 3.2. If Pi ~ P~ then

(3.11) KA\,,,~2(q)�K~\~~,(q).

Forbeginninglet us remarkthat

p(k)({a}p1)p(k)({a}p2) = ‘~ki(Q12(Pl)—Q~O4))� 0,

because~c� ~4. Thereforeevery P2-admissibleconfigurationis also p1-admissible.
The proofof Theorem3.1 follows easily from well-knownresult:

m2
lf m1�m2 then [fl]q_<[fl]q

In the case p = 0 theTheorem3.1 is proved also by A. Lascoux(privatecommu-
nication). •

Example6.TakeA=(ai+N,...,ar÷N,N,N,...,N,N—135,...N—/31):=

(cr,_f3)12+(N~),77=((n_I)’~),I/3lN,1(a)+1(/3)<n.

LEMMA 3.2. Thefollowingequalityholds

(3.12) KA~1~(q) = q12~hK~(q)kfi( iN)( q).

To avoid confusion,denoteconfigurationsthat enterinto (3.1) by {u} insteadof

{a}. Considera (A, p~77)-configuration{v} see(2.11)).Thenwehave

Iv~I= O~, I < k � n—~ Iz/~~~
1I = 0,

1�k÷i

~ f3,,n—s+I<k<n—l.

j�n_8+1

Consequently,we mayconsider(a,p)-configuration {zi~ := vVc)I1 < k < n—s}

and /3-configuration{v~ := z,(k)In — s+ I < k < n — l}. It isclearthat

p(k)(v) = p(k)(~)~ <k < n—s—l,L/~01:=

p(k)(v) = p(n_k) (v)n s+ I <k < ~._ l,zi~ := (
1N)

From (3.3) and (3.10)it follows that

C({v}) =C({v~}+C({v~}— (~)+ N .v~=

=C({Vcv}+ C({vfi}+ n(f3).

Lemma3.2 is proved. .
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Example7.Takea=fl=(2,1),A=(4,3,2~4,1)=(a,—/3)
12+(2~),p=(2~).

The configuration {v} consistsof diagrams ~A~, 1 < k < n — 2 , and I ~ 1)1 =

2 n — 4, v(k) I = 2 n — 2k — 3,2 <k < n — 2 . From conditionP,~(ii) ~ 0 for all

m, k � 2 it follows thattheconfiguration {v} maybeconsideredas a pathof length
n — ~ in somegraph. The verticesof this graphcorrespondto thetwo-rowsYoung
diagramswith 2 k — 1 boxesandall rangesare

(k+ l,k) —~.(k,k—l),

(k+ 2+ a,k— I — a) —÷(k-+-a,k —1—a),

a>0, I <k<n—2.

Let us considernow the diagram ~ 1) It is easyto seethat thereare only two
p-admissibleconfigurationsi~and j~:

i~={i.~= (n—2,n—2), ~(k) = (n— 1— k,n—2— k)

2<k<n—2}.

Forthe first configurationthenon zerovacanciesnumbersare:

= 2n—2(2n—4)+ 2n—7= 1, P(2)2(l~=1.
—(1) (k)

v={v (n—2,n—3,l),v =(n—l—k,n—2—k),

2 <k<n—2}.

The charge C( 1) = 3 . In the last casethe non zero vacanciesnumbersare:

~(I~)= 1) ~17) = 1, p~~ ( 13) = 3 . ThechargeC( 17) = 5 . Consequently

(3.13) k~~(q)q
3[n_ 1] [n_ ~]+ q5 [2] [2] [n_ 1]

Theformula(3.13)is equivalenttotheexpressionfor kA~(q) from anexample5.3[12].
Exampleunderconsiderationillustratesthe following generalfact.

Let A,p bepartitions.WedenotebyQ(A,p) thesetofallp-admissibleA-configu-

rations.

THEOR.EM3.3.Letbe A
12 = prt12(a,/3) (see[12]), p~= (/3~)and Q,, =

Thereexistsa one-to-onecorrespondencev12 : —~ such that

(i) p(k)(v({v})) = p(k)(~)

(ii) C(v12({v}))

forallk,mand{v}E~12.
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Example8. TheClebsch-Gordannumbers.
WedefinetheClebsch-GordannumbersCt,, by meansof the formula

(3.15) SA\~,(x)=

TheClebsch-Gordannumber describesthemultiplicity with whichagivenirre-
duciblerepresentationVA of Lie algebrag~(n) appearsin thetensorproduct V,~® Vi,.

It maybefoundby usingtheLittlewood-Richardsonrule [11],or theGelfand-Zelevinsky
rule [15],or the Kostant-Steinbergformula[24]. FromTheorem3.1 therefollows anew
rule forcomputationof thenumbersC~in termsof configurations.

Let A,p bepartitions,1(A) = r,1(p) = s. LetusconsiderthediagramsA = (A1+

Ar + P1, Pi~P2, , ps),p = (pt) and theKostkapolynomials KA~ q) . It

is clearthat

1~’ ~0~— ~‘ — A

I A\p,u’ / — A,p — p,’,

Consequently,themultiplicity C~ is equalto thenumberof u-admissible(A \p) -

configurationsof chargezero.A moredetailedformulationof the resultis givenbelow.

THEOREM 3.4. The multiplicity ~ is equalto the numberof arraysof integers
{/3(k) 1k � 0, n ~ 1 } which satisfythefollowing conditions

(i) every/3~is equalto eitherzero,or one.
(Ak.$.l, ifl�k<r—1,

(ii) ~/3(k) = vi>~/3(k) =

/c>O nl ~Pk+Ir’ ifr<k<r+s.

(iii) for all k � 1, m ~ I thefollowing inequalitieshold

>.:(p(j) ~(i)I ~/~‘rn ~‘rn+1 —

2) mifl(m, P1)
6k,,- + ~(~3~) — /3~k))� 0.

J<rn

4. PROOF OF THEOREM 3.1 IN THE CASE WHEN p = 0,77 0.

4.1. Riggedconfigurationsandquantumnumbers

Let A,p,p,
77 be partitionssuchthat p ç A, IAI — I~I= I~I+ I’iI,p = (m’)

It will beconvenientto changeslightly the terminologyintroducedin Section2.

A collectionof Youngdiagrams{zA~} suchthat

(4.1) ~(k)1.. >
1�k+I
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is calleda (A\p,p177)-configuration(or, in short, a configuration).
Letus definethevacanciesnumbersfor a (A\p,~I~)-configuration{u} by

p(k)(~) =p(k)(vpI77=

(4.2) ~7~c— 77~+i + min(n,pk —

— 2Q12(v(k))+ QO(v(k+l)),

withthe initial condition ~(°) = p.

A configuration {v} is called (p177)-admissible if all the vacanciesnumbers
p(k)(v p177) are nonnegative. Now we wantto describenew combinatorialobjects

which in thesequelwill becalledthe riggedconfigurations.
In orderto rig a configurationwe fill in the first collumnsof thediagrams~Jk) with

quantumnumbersI~.j,n� 1,1 < k < 1(A), 1 <a< m12(v~)usingthefollowing

rule: theextremeleft boxesin the rowsof length n of adiagram~ c) arefilled in from
toptobottomwith a nondecreasingsequenceof integersI~ notexceedingp(k)(ii)

(4.3) 0 � i~ ~

Denoteby QM(A\p,p177) the setof rigged (p177)-admissible(A\p,p~77)-configu-

rations.Theelementsof QM( A \p,p177) arecalledquantumarraysof type (A ~ P177)
andare denotedby ({v},I).

Example4.1. Let A, p be partitions of the number n, p = (0), = (0). Put

= ~Ij>k+1A,~Assumethat pc � n — A1 + A2. Then A-configuration {v} =

{ (1” ) , (I ‘h), .. .} is p-admissible.Indeed,all vacanciesnumbersarenonnegative,

since P,~(v)= 0, if n ~ ~p~k)(~) = Ak — Ak..! ,if k ~ 2 andby assumption
p~’

7(v)= + A
1 — A2 — n ~ 0 . The configurationcharge C({u}) is computed

using(3.3) wherewemustset =

C({v}) = C = n(p) + n(A’) — (n— A1)(n—pc) — (~).
Thecontributionof theconfiguration {v} to theKostkapolynomial is givenby

qc[Pc_A2] Hk>2[flk+Ak—Ak÷2]1.

Theorem2.2 impliesthe following assertion.

THEOREM 4.1. Thenumberofbitableauxwith shapeA \p and weight i-~I ~ is equalto

thenumberoftype (A\p, PI77) quanWmarrays:

(4.4) Card SBY(A\p,pI77)I= Card IQM(A\p,pI77)~.
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4.2. Combinatorialcorrespondence

Followingtheestablishedterminology[6], therowsof adiagramv~belongingto a

riggedconfiguration({v} , I) will becalledstringsoflength n andtype k. Thuswith
eachstringof length n and type k a quantumnumber not exceedingp~)( ~,)
is associated.A string is calledspecialif thecorrespondingquantumnumberhasthe
maximalpossiblevalue,i.e. I~ = P,~(u).

In this presentpaperweshallconstructonlythebijections

(4.5) QM(A\p,p)~STY(A\p,p).

Thecaseof supertableauxis consideredin [10].

IA. Costructionof themapping f( casep = 0). Observethat a Youngdiagram A
is uniquely reconstructedfrom a configuration{v} anda weight p. Thus wehaveto
constructa tableaufrom the set STY( A, p) given a rigging I of {u}. To this end,

we shallfill in theboxesof A with numbers

p...pv—I...p—l ...
(4.6) ‘—....—‘ ‘-~- —~.-

Pp-I P1

where p = (pi,... ,p~).
It is sufficientto specifythe following:
(i) Into whichrow of A thenumberp shouldbeplaced. —

(ii) Which admissiblerigged configurationcorrespondsto the new diagram A =

A\{p} andtotheweight ~ = Pi,••~~P~_i~P~— I).
With this goal inmind, let usconsidertherigging I of {zi}.
Let usdefinetherank of a rigging.
Put ,J0) = p. Therowsof thediagramp will becalledtype 0 strings. Weassume

that ~~°
7 containsonly one specialstring, which correspondsto the last row p, of

= l(p) . We say that rank I is equalto r if r is the greatestof all numbersr’

suchthat for all k,0 < k < r thereare specialtype k stringsin {u} whoselengths
mk satisfy thecondition m

0 = < m~< ... < m~and,moreover,the diagram

~(r+i) doesnotcontainspecialstringswith lengthexceedingrnr — I
Let Q M~‘-)(A, p) be the set of all p-admissiblerank r rigged A-configurations.

Denoteby STY~(A, p) the setof all standardtableauxwith shapeA and weight p

suchthat thenumberp makesits first appearencein the (r + I) -th row. Clearly,

(4.7) QM(A,p)flQM~(A,p),STY(A,p)flSTY~’~(A,p).
r>O

Let us definethe mapping ir~: QM~(A,p)— STY(r)(A,p) asfollows. Let

({v}, I) E QM(r)(A, p). Thenthe numberp is inscribedinto the extremeright box
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of the row Ar+i. The diagram A is obtainedfrom A by removingthis box. Put ~i=

Pi, ~ p~— 1) . Let us now passto thedescriptionof the type (A, ~) quantum
array ({17},I)

If r = rankI = 0 we put ({13},I) = ({v},I); in otherwords,if r = 0 all

quantumnumbersand theconfigurationremainthesame.Assumethat r > 0 . Among
thespecialstringswith lengthgreaterorequalto p~of thediagram ~~‘> find onelying
belowall theothers.Let ~ bethis stringand m1 its length. Assumethat for some
k, 1 < k < r , thespecialstrings A$,’), ... , A,~are alreadyconstructed.Then ~
is thespecialstringlying belowall theotherspecialstringswith lengthgreateror equal

to mk in thediagram ~Jk+ 1) Thus we haveconstructeda sequenceof specialstrings
A,~)eu~,I < k < r ,suchthat thereareno specialstringslying betweenA,~ and

as therowsof the diagramsv~ . Let 17(11) be theYoungdiagramobtainedfrom
u(k~ by deletingtheextremerightbox from therow A~ E ~ 1 <k < r; if k> r
we set = v(k) . Weobtain a configuration {17} togetherwith distinguishedrows

~ E 17(/1) of length mk — 1 . Note thatafterpassingfrom {ui} to {17} all strings

A,~,k)with length m11 = I disappear.The rigging I of {17} is definedasfollows:

thequantumnumbersI~ correspondingto all stringsexceptA~ remainthesame,

i.e. I,~J= ~ if (n,a)~mk,mm(z/~)),l< k < r; the strings ~ (for

m/1 > 1) aredeclaredspecialand lie at the bottomof the block of sort k stringswith
length m11 — 1 (when mk = I suchstringsdisappear).

PROPOSITION4.1. Theset I~ definesa rigging of theconfiguration {17}.

To prove this assertionlet us tracedown the changesof the vacanciesnumbers
p~

117(u)with weight ii as we passfrom (v,p) to (17,~). Put mr+l = mr+
2

no.
Clearly, Q12(17~))= Q(v(k)) — 0(n—m11) for all k ,where

(4.8) 0(z) = {~‘x>O

Consequently

1 0, if n< m/1_1,
I —I if mk 1 < n< m11

(4.9) p(k)(j~ = p(k)(u) + ~ +1, if m11< fl< mk+i,

L. 0, if m11~1<n.

It remainsto noticethat by constructionthereare no specialstringslying between

~ and~ ,i.e. I~ < P~
111(v)for m

11_1 ~ n< m11. Sotheproposition4.1is
proved.
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Noticethatsincep~<m1� ... � m,.~if,.t,>l,wehave

(4.10) rank(I) �rank(I).

Filling in recursivelythediagram A with numbersfrom thesequence(4.6) weend

up with the A-shapedtableauwith weight p. The inequality (4.10) implies that the
resultingtableauis standard.

Thuswehavedefinedthemapping ir~andhencealso 7r*.

I.B. Constructionof themapping iç (casep = 0).

Let T E STY(t)(A, p). Weshallconstructthequantumarraycorrespondingto the

tableauT inductivelyby thenumberofboxesin A. Solet ussupposethat iç is already
constructedfor all tableauxwith thenumberof boxesstrictly lessthan IA. Denoteby
T the tableauobtainedfrom T by deletingthe extremeright box in the (r + 1) -th

row. Let A, ~ beits shapeand weight.Denoteby (17,1) thetype A, ~i quantumarray
which correspondsto T by the inductionhypothesis.We wishto constructa rigged

configuration({u}, I) in sucha way that lr*( {v} , I) = T. Forthis,let usreorderthe
quantumnumbersI~ arrangingthem in thenonincreasingorder from topto bottom
within eachblock of sort k stringswith length n. Thus thestring with themaximal

quantumnumberlies in the first row of such block. It is convenientto assumethat
diagramuJ~is formally enhancedwith anextra (1(u~)+ I)-th rowof length zero
whichcorrespondsto a lengthzero specialstring A~11)

Constructionof the configuration{u}.

If r = 0, we-put ({v},I) = ({17},I). Formula(3.5) impliesthat rang I = 0

Assumethat r > 0 . Considera diagram 17(r) e {17}. Find the first from the top
specialstring X,~)E 17~andlet mr be its length(possibly, in,. = 0). Assumethat

for some k, 1 < k < r, we havealreadyconstructedspecialstrings K$,’),... ,
suchthat m11 <m/1~1<...<m,.. As the nextstring ~ let us takethe first from
thetoptype (k — 1) specialstringwith lengthnotexceedingm/1 (possibly, m~~_1=

0). Thus wehaveconstructeda sequenceof specialstrings ~ 1 < k < r, such

that for all 1 < k < r, thereare no specialstrings lying between~ and
From(3.6) it follows that m1 ~ p~— 1. Add onebox on theright endof eachstring

A$,k), 1 < k < r. Weobtain a newdiagram zAI1) with a distinguishedrow ~ of

length mk + 1, 1 < k < r. The set {v(
11), I < k < r} U {13(/1) , k > r} definesa

configuration {v}.
The rigging I of theconfiguration {ui} is definedas follows: the quantumnum-

berscorrespondingto all stringsexcept A4~remainthe same,i.e. I~ = if

< k < r. The strings ~ aredeclaredspecial.Then

suchstringsareplacedon thetopof eachblock of type k stringswith length m/1 + 1
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PROPOSITION4.2. Theset I~ definesa riggingof {v}. Moreover

•

Indeed,(4.8) implies that

0, if n<m11_1

(4.11) p(k)(v) = p,~)(j3)+ +1, if m11_1 � n< m11
—I, if mk < fl< mk+1

0, if m/1~1<n

Finally, let usobservethat by constructionthereareno specialstringslying between

and A,.~,1 < k < r i.e. ~ < p,~)(13) for m~< n < m11÷1,(n,a) ~
(m11,mm,,(17~)). Hence,thenumbersI~ definea rigging. Furthermore,(4.11)im-

pliesthatthesequenceof specialstrings A,~1,1 < k < r ,hasthefolowing properties:

(i) in0 < m~+ 1 < ... < m,.+ 1 andin thediagram ~ thereareno special

stringswith lengthgreaterthen m,..

(ii) thereare no specialstringslying betweenA,~÷1and A,~1,I < k < r.

— Hence,rangI = r. By the inductionhypothesiswe may assumethat ir*({17},I) =

T. Taking into account the properties(i), (ii) and the definition of lr* (seeIA), we
concludethat lr*( {v}, I) = T. Assertion4.2 is proved.

Thus,a bijection Q M~~(A, p) STY~~~(A, p) isconstructed.

By examiningthe correspondence(4.5) (for p = 0 ) onecanshow that it hasthe
following propertieswhichwe describein aseriesof lemmas.

LEMMA4.1. Let p= (m
t), (v,I) beatype(A\p,p) quantumarray. Then

ir*({v}I) E STY(A\p,p).

LEMMA 4.2. Let p bea partition, 1(p) = p,t E STY(A, p) , let w( T) bethe word

correspondingto T and w
1 , w2,... be thestandardsubwordsextractedfrom w ( T) by

meansoftheLascoux-Schiitzenbergeralgorithm for thecalculation ofthe charge(see

(1.3),Section1). Let {v} be the configuration which corresponds to T under mapping
ir*

Then,ifk < pr,, wehave(v(
1))~= d(wk) .

Thedefinition 0(W) isgiven in (1.4), Section1.



ON THE KOSTA-GREEN-FOULKESPOLYNOMIALS AND CLEBSCH-GORDANNUMBERS 387

LEMMA4.3. Let T E STY~~~(A,p),let T bethetableauobtainedfrom T bydeleting

the extreme leftboxin the (r + 1)-th row(seethe definitionof ir,j. Let ({17},I) be

thequantumarray whichcorrespondsto T. Then

1. C({v}) + EI~ — C({17}) — = (p’),~ — (
1Ji))~~ —1,

2. C(T) —C(T) = (p’),, —d(w—pr) —1.

COROLLARY 4.1. The chargesof T and {v} and the setofquantumnumbers

associatedwith thetableau T arerelatedbytheformula

(4.12) C(T)=C({u})+>I~.
k,rl,(,

Notethat (4.12)alongwith (1.14)imply Theorem3.1 (forthecasep = 0,77= 0).

Remark4.1. Let p = (Pi, ... , Pk) bea partition, let a E S11 be a permutationand
a_fP — ‘.Pa~(i)’~~‘Pa—’(k)

It is clearthat QM(A,p°) = QM(A,p) . Hence,onecandefinethemappingsrp.~

and ~ suchthat thefollowing diagramis commutative

QM(A,pa) = QM(A,p)

(4.13) 11 II
STY(A,pa) ~ STY(A,p)

It seemsplausiblethat themap c°aconcideswith theKnuth transformation[22].

4.3. Involutionson the setof standardtableaux[10].

On theset QM(A\p, DIn) we definethe involution 9, which correspondsto <<in-
versionof thequantumnumbers>>:

(4.14) 9({zi},I) := ({v},I),

where = P,~(v)—I<~~((k))1, I <a < m~(v~).Consequently,by virtue
of (4.5) thereexistsan involution 9 on the set STY(A,p). On the otherhand,we
definedin (1.6),Section1, theSchutzenbergerinvolution

5: STY(A,p) -÷ STY(A,~),

where ~T= (P/1,P11_I~~. . p~) for p = (pa,.. . Pk) . Let usdenoteby çü thetransfor-
mation STY(A,7iT —* STY(A,p) definedbydiagram(4.13)withpa = 71.
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THEOREM4.2. Thefollowing assertionshold

1. Ifp=(m
11),thenS=9.

2. Thediagram belowis commutative

STY(A,p) -~ STY(A,~T)

(4.15) /~ a

STY(A,p)

COROLLARY 4.2. TheSchutzenbergerinvolution S: STY(A, (m
t)) transformsthe

chargefunctionalinto theindex:

(4.16) C( S(T)) = md(T).

Thedefinitionof the index for atableauxwith repetitionsmaybefound in [101.
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